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Abstract 

Using  a  generalized  specification  of  the  single-index  market  model,  this  study 
examines  the  sources  of  statistical  anomalies  previously  found  in  estimating  the 
market  model.  Two  generalized  models  are  developed  for  juxtaposition  with  the 
traditional  linear  specification.  The  most  general  model  is  a  Box-Cox  model  with 
different  X's  and  heteroskedastic  errors.  The  empirical  results  indicate  that  previous 
findings  of  significant  "nonlinearities"  are  primarily  attributable  to  nonnormalities 
and  unequal  variance. 
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1.  INTRODUCTION 

The  return  generating  process  serving  as  the  foundation  of  most  empirical 
tests  of  asset  pricing  is  the  single-index  market  model,  expressed  for  a  given  security 
in  ex-post  terms  as: 

Rt-a  +  PRmt  +  Ct   ,  (1) 

where: 

Rt  =   the  security's  return  in  time  t  minus  the  return  on  a  T-bill  in 

the  same  period, 

Rmt       =   the  value-weighted  market  return  in  time  t  minus  the  return  on  a 
T-bill  in  the  same  period, 

a,  P       =   parameters  to  be  estimated,  and 

ej  -  N(0,  a2) . 

Although  empirical  tests  of  the  capital  asset  pricing  model  (CAPM)  are  subject  to 
Roll's  (1977)  qualifications,  the  market  model  remains  an  important  specification  of 
the  returns  generating  process,  whether  used  explicitly  in  CAPM  tests  or  simply  as 
an  adjustment  to  examine  returns  around  an  economic  event. 

Using  flexible  functional  form  techniques,  a  number  of  studies  (e.g.,  Lee 
1976a,  Lee  1976b,  and  McDonald  1983)  document  the  presence  of  significant 
departures  from  a  linear  model  with  normally  distributed  errors.  In  some  cases,  the 
authors  go  on  to  label  their  findings  as  evidence  of  significant  "nonlinearities"  in  the 
returns  model.  Although  this  conclusion  is  statistically  valid,  the  sources  of  the 
nonlinearities  and  their  implications  have  not  been  completely  analyzed. 


Nonlinearities  reported  in  other  work  can  be  attributed  to  three  possible  sources:  1) 
nonnormalities  in  the  residuals,  2)  a  heteroskedastic  error  variance,  or  3)  a  nonlinear 
(nonadditive)  relationship  between  the  variables.  Given  the  significance  of  the 
linearity  assumption  in  asset  pricing  theories,  it  is  important  to  determine  the  actual 
source  of  departures  from  the  basic  market  model  by  partitioning  these  effects. 

This  study  uses  a  series  of  specifications  including  generalized  functional  forms 
and  a  heteroskedastic  error  model  to  address  distributional  and  linearity  issues  that 
have  surfaced  in  previous  research.  Three  different  models  are  estimated  for  each  of 
1,164  securities  using  monthly  security  returns.  The  first  model  is  the  traditional 
linear  market  model.  The  second  is  a  generalized  Box-Cox  model  with  different 
transformation  parameters  for  the  dependent  and  independent  variables.  The  third 
extends  the  generalized  Box-Cox  model  to  allow  for  conditional  heteroskedasticity. 
The  residuals  from  the  linear  model  exhibit  statistically  significant  skewness  and 
excess  kurtosis,  suggesting  a  possible  source  of  significant  transformations.  In  the 
Box-Cox  models,  the  transformation  parameter  for  the  independent  variable  is 
usually  not  statistically  significant  The  transformation  for  the  dependent  variable  is 
usually  significant,  and  it  is  shown  that  its  significance  appears  to  be  attributable  to 
the  skewness  of  residuals  in  the  linear  model.  Also,  there  is  evidence  of  conditional 
heteroskedasticity,  which  appears  to  be  the  cause  of  excess  kurtosis  of  the  residuals 
from  the  linear  model. 

The  econometric  models  to  be  tested  are  derived  sequentially  in  Section  II. 
References  to  previous  studies  and  theoretical  considerations  will  be  incorporated  in 
the  model  development.  The  third  section  details  the  estimation  procedure  and  data 
base.  Section  IV  of  the  paper  presents  the  empirical  results.  The  final  section 
presents  a  compendium  of  the  pertinent  findings. 


H.  MODEL  DEVELOPMENT 

In  this  section  the  market  model  of  equation  (1)  is  extended  first  to  incorporate  a 
generalized  functional  form,  and  then  a  combined  heteroskedastic/functional  form 
specification. 

The  linear  functional  form  of  the  market  model  in  equation  (1)  can  be 
generalized  by  applying  the  transformation  of  Box  and  Cox  (1964),  as: 


R*°       =a  +  PR^2)    +et  (2.1) 


where: 


(XM)/X  \*0 

X<x>       =       {  (2.2) 

lnX  X  =  0, 


and  returns  are  expressed  in  wealth  relative  form  (e.g.,  R'=l+R).  Applying  the 
transformation  in  this  manner,  the  model  reduces  to  a  linear  form  when  X^=Xy=l  and 
a  logarithmic  form  when  X.1=X2=0.  The  parameters  of  the  model  are  estimated  using 
maximum  likelihood  techniques  with  the  concentrated  log-likelihood  function  given 
by: 

lnL  =  -Tlna  +  -l/(2a2)  Ie2t  +  J  ,  (2.3) 

where  J  is  the  Jacobian  of  the  inverse  transformation  of  R'^i'  to  R't  given  by: 

(Xrl)ZlnR't  .  (2.4) 

It  is  assumed  in  equation  (2.2)  that  for  some  values  of  X^  and  ^  the  transformed 


observations  will  be  normally  distributed  with  constant  variance,  and  conditional 
expectation  that  is  linear  in  the  transformed  independent  variable.  Thus,  the 
estimated  transformation  parameters  will,  to  the  extent  possible,  correct  for 
nonlinearities,  unequal  variance,  and  nonnormalities.  Each  of  these  characteristics 
has  a  crucial  role  in  the  theoretical  and  econometric  application  of  the  market  model. 
Unfortunately,  in  application  of  the  GFF  method,  these  aberrations  are  corrected 
simultaneously  and  the  method  provides  no  specific  interpretation  of  the  estimated 
transformation.  Although  no  exact  method  has  been  proposed  to  isolate  the  various 
effects  of  the  transformations,  the  method  developed  in  this  study  attempts  to 
disaggregate  the  effects  using  a  series  of  tests. 

Asymptotic  standard  errors  for  the  parameter  estimates  are  given  by  the 
Cramer-Rao  lower  bound.  Both  Hinkley  and  Runger  (1984)  and  Spitzer  (1984) 
show  that  the  estimated  standard  errors  in  a  Box-Cox  model  are  sensitive  to  the  scale 
of  the  variables;  however,  this  issue  is  not  a  problem  in  this  case  since  the  variables 
are  universally  expressed  as  returns. 

Although  previous  studies  have  applied  the  GFF  methodology,  none  have 
attempted  to  isolate  the  econometric  effects  so  that  the  estimated  transformation  can 
be  explicitly  interpreted.  The  majority  of  previous  studies  applying  the 
transformation  have  also  restricted  the  GFF  model  by  assuming  a  single 
transformation  across  all  variables  (i.e.,  X^Xn).  The  more  general  specification, 
where  the  security  returns  and  market  returns  have  distinct  transformation 
parameters,  has  a  number  of  important  implications.  As  suggested  by  Box  and 
Tidwell  (1962)  and  Zarembka  (1974),  the  transformations  on  dependent  versus 
independent  variables  tend  to  focus  on  different  issues.  The  transformation  of  an 
independent  variable  is  concentrating  on  the  linearity  issue,  since  the  independent 


variables  are  conditioning  the  value  of  the  dependent  variable.  The  transformation  of 
the  random  dependent  variable  focuses  on  the  error  term  assumptions  of  normality 
and  constant  variance.  Thus  separate  transformations  should  allow  the  various 
factors  effecting  the  estimated  Vs  to  be  partitioned  to  determine  if  the  significant 
estimates  observed  in  previous  studies  are  attributable  to  nonlinearities, 
heteroskedasticity,  or  nonnormalities.  For  the  single  transformation  case  (i.e., 
Xl  =  \2)>  Zarembka  (1974)  delineates  the  effects  of  nonnormalities  and 
heteroskedasticity  on  the  estimate  of  X.  The  presence  of  nonnormalities  is  addressed 
in  this  study  by  monitoring  distributional  measures  of  the  error  terms  in  the  empirical 
models. 

Substantial  evidence  of  heteroskedasticity  in  the  market  model  is  provided  by  a 
number  of  studies  (e.g.,  Bey  and  Pinches  1980,  Giaccotto  and  Ali  1982,  or 
McDonald  and  Morris  1983).  From  the  results  of  previous  studies,  the  finding  of 
heteroskedasticity  appears  to  depend  upon  the  time  period  studied.  For  a  time 
interval  overlapping  the  one  used  in  this  study,  Bey  and  Pinches  find  significant 
heteroskedasticity  in  approximately  45  percent  of  the  securities  sampled.  Using  a 
basic  heteroskedastic  specification,  Lahiri  and  Egy  (1981)  test  a  model  that  provides 
for  the  joint  estimation  of  functional  form  under  conditions  of  unequal  variance. 
Their  results  confirm  the  bias  in  estimating  X  in  the  presence  of  heteroskedasticity 
and  emphasize  the  importance  of  simultaneous  testing  of  functional  form  and 
heteroskedasticity.  A  reformulation  similar  to  theirs  will  be  applied  to  the  GFF 
model  of  equation  (2.1). 

Consistent  with  previous  studies,  the  variance  is  assumed  to  be  a  function  of 
Rmt  and  is  specified  as 


°  W  51  Rmt  +  52R2mt  (2-5) 

This  specification  is  general  enough  to  include  a  random  coefficients  process  when 
8 1  is  equal  to  zero.  Given  the  variance  structure  of  equation  (2.5),  the  likelihood 
function  for  the  heteroskedastic  specification  is: 

lnL  =  -Ilnat  -  (1/2)  1(^/0^)  +  (Xrl)  Z  In  R't  .  (2.6) 


ffl.  ESTIMATION  AND  DATA 

The  parameters  for  the  likelihood  function  of  equation  (2.3)  and  its  extension  to 
the  heteroskedastic  specification  of  equation  (2.6)  are  estimated  using 
full-information  maximum  likelihood  techniques.  Specifically,  the  likelihood 
functions  are  maximized  using  the  Davidon-Fletcher-Powell  algorithm  contained  in 
the  numerical  optimization  software  "GQOPT,"  documented  extensively  in  Goldfeld 
and  Quandt  (1976).  The  function  provides  for  an  error  return  in  the  optimization  for 
cases  where  the  likelihood  function  is  undefined  (in  this  case,  where  the  variance  is 
negative).  In  estimating  the  likelihood  functions,  the  optimizations  were  generally 
well-behaved  and  converged  quite  rapidly. 

Data  for  the  study  were  taken  from  the  Center  for  Research  in  Security  Prices' 
monthly  returns  tape  for  the  period  of  January  1973  to  December  1979.  This 
particular  period  was  selected  to  parallel  the  results  of  McDonald  (1983)  and  because 
it   is    a   period   that   has   been   shown    to   exhibit   relatively    high   levels   of 


heteroskedasticity  (see  Bey  and  Pinches  1980).  A  total  of  1,164  securities  had 
complete  information  for  the  84  month  time  interval.  The  market  return  was 
measured  using  the  value-weighted  index  reported  on  the  CRSP  tapes. 

IV.  RESULTS 

4.1  Comparison  of  the  Model  Specifications 

The  importance  of  extending  the  linear  model  to  the  more  general  specifications 
is  examined  using  the  likelihood  ratio  test.  Under  general  conditions  -2(ln  Lj  -  In 
!•>)  is  distributed  as  a  X2(r)»  where  L^  is  the  likelihood  of  the  constrained  model,  L2 
is  the  unconstrained  likelihood  value,  and  r  is  the  number  of  parameters  for  which  Lj 
specifies  given  values.  The  percentage  of  securities  where  one  form  provides  a 
significant  improvement  over  a  corresponding  restricted  form  is  shown  in  Table  1. 
(All  statistical  tests  are  at  the  a=0.05  level  unless  otherwise  stated.) 


Insert  Table  1  about  here 


In  comparison  to  the  linear  market  model,  the  GFF  model  is  superior  in  more 
than  46  percent  of  the  cases.  Whether  this  result  is  attributable  to  corrections  for 
nonnormality,  heteroskedasticity,  or  true  non linearities  is  not  determinable  at  this 
point.  The  HET-GFF  specification  provides  improvement  beyond  the  GFF  model 
in  approximately  47  percent  of  the  cases.  Thus  the  more  general  forms  merit 
additional  attention  given  the  observed  frequency  with  which  they  contribute 
significant  information. 


4.2    Heteroskedasticity  and  the  Market    Model 

The  purpose  of  including  heteroskedasticity  in  the  model  specifications  is  to 
determine  the  impact  of  unequal  variances  on  the  distribution  of  the  market  model 
residuals  and  the  effect  of  unequal  variance  on  estimates  of  the  transformations. 
Evidence  of  significant  heteroskedasticity  in  comparing  the  HET-GFF  and  GFF 
models  (from  Table  1)  is  consistent  with  the  findings  of  Bey  and  Pinches  (1980), 
suggesting  that  previous  findings  of  heteroskedasticity  are  not  merely  a  result  of 
functional  form  misspecification.  Significance  tests  on  the  estimates  of  5j  and  52 
provide  some  indication  of  the  characteristics  underlying  the  heteroskedasticity.  For 
the  securities  where  8j  or  ^  was  significant,  82  was  singly  significant  in  53  percent 
of  the  cases,  8j  was  singly  significant  in  33  percent  of  the  cases,  with  both 
coefficients  significant  in  the  remaining  14  percent  of  the  cases.  This  finding 
indicates  that  the  variance  expressed  as  a  function  of  R2mt  is  a  predominant  form,  as 
found  by  Giaccotto  and  Ali  (1982);  however,  other  forms  cannot  be  completely 
excluded. 


4.3     Nonnormalities  and  the  Market  Model  Specification 

To  determine  the  effects  of  the  various  market  model  specifications  on  the 
distributional  properties  of  the  underlying  process,  a  measure  of  skewness  and 
kurtosis  was  calculated  from  the  market  model  residuals  of  each  case.  The  average 
value  for  these  statistics  for  the  1,164  cases  is  reported  in  Table  2. 
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Insert  Table  2  about  here 


Significance  tests  of  the  distributional  measures  based  on  aggregates  of 
individual  tests  are  not  appropriate  in  this  case  because  of  the  cross-correlation  in  the 
security  residuals.  A  crude  correction  for  the  significance  tests  of  excess  skewness 
can  be  made  by  using  an  analysis  of  variance  approach  to  estimate: 

z3it  =ali  +  o2m  +Tiim  >  (4.3.1) 

where  z^t  is  the  standardized  residual,  cc^  represents  the  individual  mean  of  the 
cubed  residual  for  the  ith  security,  a2m  represents  the  month  effect  which  captures 
cross-security  correlation,  and  n.im  is  an  uncorrected  error.  The  null  hypothesis  is 
that  a.y=Q  and  oc2m=0.  Similarly,  a  test  for  excess  kurtosis  can  be  estimated  from: 

z4it  =  3  +  eu  +  92m  +  vim  .  (4.3.2) 

The  joint  F-tests  for  the  coefficients  in  equation  4.3.1  and  4.3.2  appear  in  Table  2 
and  document  the  presence  of  significant  skewness  and  kurtosis  in  the  residuals  of 
the  LIN  model.  The  descriptive  statistics  and  significance  tests  confirm  the  impact 
of  the  transformations  in  adjusting  for  nonnormalities.  Since  the  effects  of  the 
transformation  are  confounded  in  the  GFF  specification,  the  results  of  the  more 
general  HET-GFF  model  are  of  primary  interest. 

For  the  HET-GFF  specification  where  the  effects  of  the  functional  form 
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transformations  should  be  concentrated  on  correcting  for  nonlinearities  and 
nonnormalities,  the  presence  of  skewness  has  been  virtually  eliminated.  There  is 
also  a  substantial  reduction  in  kurtosis  attributable  to  the  heteroskedastic 
specification.  These  results  indicate  that  the  thick  tails  and  central  peakedness  of  the 
distribution  of  returns  can  be  attributed  to  unequal  variances  and  is  not  necessarily 
the  result  of  a  nonnormal  stochastic  process.  These  results  are  consistent  with  the 
findings  of  Rosenberg  and  Marathe  (1979)  and  provide  limited  support  for  the 
subordinated  normal  hypothesis  of  return  distributions  (see  Clark  1973). 

4.4    Isolating  the  Effects  of  the  Transformation  Parameters 

The  series  of  models  tested  in  this  study  allows  the  effects  of  the  functional  form 
parameters  to  be  partitioned  to  some  degree.  The  mean  value  for  the  estimates  of  X^ 
and  X2  across  all  securities,  along  with  the  percent  of  cases  where  the 
transformations  were  statistically  different  from  one  are  presented  in  Table  3.  From 
the  distribution  of  the  estimated  Vs,  there  does  not  seem  to  be  any  apparent  tendency 
for  the  transformation  parameters  to  center  around  one  particular  value.  Although, 
as  previously  noted,  the  heteroskedastic  specification  has  a  substantial  effect  on  the 
distribution  of  the  residuals,  it  does  not  appear  to  have  a  substantive  effect  on  the 
estimated  transformations. 


Insert  Table  3  about  here 


The  effects  of  unequal  variance  on  the  estimated  transformations  has  been 
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avoided  by  extending  the  model  to  allow  for  he teroskedas deity.  The  effects  of 
nonnormalities  and  nonlinearities,  however,  are  still  confounded.  Unfortunately 
there  is  no  exact  means  of  disaggregating  these  effects.  A  series  of  tests  can  be 
applied  to  provide  evidence  of  the  causes  of  significant  transformations. 

First  note,  as  suggested  by  Box  and  Tidwell  (1962),  that  the  transformation  of 
the  independent  variable  concentrates  on  additivity  of  effect.  The  relatively  small 
proportion  of  significant  A^'s  reported  in  Table  3  provides  evidence  supporting  the 
linearity  hypothesis  and  is  consistent  with  the  findings  of  McDonald  (1983). 

Second,  from  Table  2  the  average  skewness  drops  from  .525  to  -.001  in  the 
GFF  model.  Given  that  the  significance  Xj  is  affected  by  both  nonlinearities  and 
nonnormalities,  the  skewness  results  would  suggest  that  much  of  the  significance  is 
attributable  to  corrections  for  nonnormalities.  To  test  this  proposition  all  securities 
with  significant  skewness  in  the  market  model  residuals  are  eliminated  from  the 
sample.  In  this  case,  the  occurrence  of  significant  Xj's  is  no  more  than  expected  by 
chance. 

In  summary,  the  accumulation  of  evidence  suggests  that  the  Box-Cox 
transformation  reduces  skewness  in  the  dependent  variable.  In  the  absence  of 
skewness,  the  transformation  parameter  for  the  dependent  variable  is  no  longer 
significant.  After  adjusting  for  heteroskedasticity  and  nonnormalities,  the 
transformation  parameters  are  generally  not  significant.  The  "nonlinearities" 
identified  in  previous  studies  using  the  GFF  methodology  (e.g.,  Lee  1976a),  can  be 
attributed  to  distributional  aberrations  and  not  the  the  functional  relationship  between 
the  market  model  variables. 
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V.  CONCLUSIONS 

Using  a  sample  of  1,164  securities,  this  study  examines  the  theoretical  and 
statistical  implications  of  certain  econometric  phenomena  occurring  in  the  estimation 
of  the  market  model.  The  empirical  results  have  significant  implications  for  the  asset 
pricing  theories  underlying  the  single-factor  market  model  and  their  common  basis 
of  linearity.  In  summary,  the  empirical  results  from  the  sample  tested  in  this  study 
suggest  that: 

1.  The  parameters  of  the  generalized  market  models  are 
statistically  significant  in  a  substantial  number  of  cases. 
Specifically,  for  more  than  half  the  securities  tested  the 
parameters  X^  and  A^  of  the  generalized  Box-Cox  model  were 
jointly  statistically  significant  as  were  the  parameters  of  the 
model  for  heteroskedasticity. 

2.  The  residuals  from  estimates  of  the  linear  market  model  exhibit 
significant  nonnormalities.  Correcting  for  unequal  variances 
reduces  the  level  of  kurtosis  substantially. 

3.  The  statistical  significance  of  the  transformation  parameter  for 
the  dependent  variable  is  primarily  attributable  to  skewness  in 
the  market  model  residuals.  Transformation  of  the  dependent 
variable  eliminates  the  skewness  in  the  market  model  residuals. 
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Table  1 

Specification  Comparisons: 

Percentage  of  Securities  with  Significant 

Difference  between  the  General  and  Restricted 

Market  Model  Forms 


Generalized  Restricted  Counterpart 

Form  LIN  GFF 


GFF  46.8% 

HET-GFF  67.8  47.7% 

NOTE:  Tests  are  performed  for  each  of  the  1,164  securities  using 
the  likelihood  ratio  test  with  a=0.05. 
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Table  2 

Skewness,  Kurtosis,  and  F-tests  of  Significance 
for  the  Three  Empirical  Models3, 


Skewness 

Kurtosis 

F-testb 

F-testc 

Model 

Mean 

ali=a2nT° 

Mean 

9li=92m=° 

(StcLDev.) 

(p-level) 

(StcLDev.) 

(p-level) 

LIN 

0.525 

1.13 

2.109 

1.27 

(0.639) 

(0.002) 

(3.035) 

(0.001) 

GFF 

-0.001 

0.42 

0.808 

3.99 

(0.275) 

(0.999) 

(1.167) 

(0.001) 

HET-GFF 

-0.006 

0.34 

0.417 

0.78 

(0.145) 

(0.999) 

(0.861) 

(0.999) 

aThe  skewness  and  kurtosis  measures  are  estimated  from  the  residuals  of 
each  specification  for  each  security.  The  mean  and  standard  deviation 
across  the  1,164  securities  for  each  statistic  is  reported  in  the  table. 
Calculations  of  skewness  and  kurtosis  are  based  on  Fisher's  k-statistics. 
"Joint  F-test  for  excess  skewness  with  1,174  degrees  of  freedom  in  the 
numerator  and  96,601  degrees  of  freedom  in  the  denominator.  See  equation 
(4.3.1). 

c Joint  F-test  for  excess  kurtosis  with  1,174  degrees  of  freedom  in  the 
numerator  and  96,601  degrees  of  freedom  in  the  denominator.  See  equation 
(4.3.2). 
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Table  3 

Estimated  Transformation  Parameters 


Model 

Mean 
(Std.  Dev.) 

H0:Xrl 

Percent 
Significant 

Mean 
(Std.  Dev.) 

Percent 
Significant 

GFF 
HET-GFF 

-0.451 
(1.186) 

-0.462 
(1.042) 

48.9% 
44.4 

-1.201 
(5.177) 

-1.042 
(5.557) 

12.5% 
19.8 
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